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Nonequilibrium weak processes in kaon condensation. II. Kinetics of condensation
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The kinetics of negatively charged kaon condensation in the early stages of a newly born neutron star is
considered. The thermal kaon process, in which kaons are thermally produced by nucleon-nucleon collisions,
is found to be dominant throughout the equilibration process. Temporal changes of the order parameter of the
condensate and the number densities of the chemical species are obtained from the rate equations, which
include the thermal kaon reactions as well as the kaon-induced Urca and the modified Urca reactions. It is
shown that the dynamical evolution of the condensate is characterized by three stages: the first, prior to
establishment of a condensate, the second, during the growth and subsequent saturation of the condensate, and
the third, near chemical equilibrium. The connection between the existence of a soft kaon mode and the
instability of the noncondensed state is discussed. Implications of the nonequilibrium process on the possible
delayed collapse of a protoneutron star are also mentioned.

PACS number~s!: 26.60.1c, 05.30.Jp, 13.75.Jz, 82.20.Mj
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I. INTRODUCTION

The possibility that baryonic matter may undergo a tra
sition to a new hadronic phase consisting of a condensat
negatively charged kaons (K2) in high density matter has
been extensively discussed@1–6#. The kaon condensatio
may be formulated on the basis of SU(3)L3SU(3)R current
algebra and partial conservation of axial vector current i
model-independent way@2,3#. Within this framework, the
s-wave kaon-condensed stateuu& is generated by a chira

rotation of the normal stateunormal& as uu&5ÛKunormal&,
whereÛK5exp(imKtQ̂)exp(iuQ̂4

5) is a unitary operator. Here
mK is the kaon chemical potential,u the chiral angle, which
is the order parameter of the condensate, andQ̂ (Q̂4

5) is the
electromagnetic charge operator~the axial charge operator!.
The classicalK2 field is then written aŝ K2&[^uuK2uu&
5( f /A2)sinu exp(2imKt) with f (593 MeV) the meson de
cay constant.

Kaon condensation is a form of Bose-Einstein conden
tion ~BEC!: the lowest excitation energy of theK2 decreases
in a nuclear medium with an increase in the baryon num
density due to an attractives-wave kaon-nucleon (KN) in-
teraction. When the lowest excitation energy becomes e
to the charge chemical potential, the distribution function
theK2 diverges and a macroscopic number of kaons app
The relevants-waveKN interaction comes mainly from th
scalar interaction~the KN sigma term,SKN) and the vector
interaction~the Tomozawa-Weinberg term! @2–4#.

The baryon number density for the onset of kaon cond
sation in stable neutron-star matter has been predicted t
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3–4 times the nuclear matter densityn0 (50.16 fm23), de-
pending on the magnitude ofSKN . Motivated by studies of
kaon condensation, the in-mediumKN interaction has re-
cently been elaborated both theoretically and experimenta
throughKN scattering@7–9#, kaonic atoms@10#, and kaon-
antikaon production via relativistic nucleus-nucleus co
sions@11–15#. The experimental results suggest a substan
decrease in the antikaon effective mass, which in turn fav
the possible existence of a kaon condensate in the core
neutron star.1

The appearance of the kaon-condensed phase in a ne
star would lead to softening of the equation of state~EOS!
@3,12,17# and also accelerate cooling of neutron stars
enhanced neutrino emission which is given by weak p
cesses in kaon condensation@17–21#. The softening of the
EOS associated with kaon condensation has been use
construct a model in which the collapse of a hot protoneut
star to a black hole is delayed@22–24#;2 initially, there is no

1Recently, the antikaon potential at high momenta or tempera
has been considered with reference to subthreshold antikaon
duction in heavy-ion collisions@16#. It has been shown that th
optical potential becomes repulsive at high momentum or high t
perature. On the other hand, the in-medium production cross se
of antikaons is enhanced via pions andS hyperons. It would be
important in future study to take into account the finite moment
and temperature effects on the in-medium kaon self-energy an
see how the in-medium cross section of the antikaon productio
relevant to the nonequilibrium process in kaon condensation in n
tron stars.

2Similar delayed collapse mechanisms of a hot protoneutron
to a more compact neutron star or to a black hole, attributed to o
hadronic phase transitions@5,25–29# or a transition to a strange
matter@30,31#, have been considered by some authors.
©2000 The American Physical Society02-1
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kaon condensation in protoneutron stars, since the neu
degeneracy and thermal effects raise the threshold densit
kaon condensation@32#. A kaon condensate is formed durin
the evolution into a compact neutron star through delept
ization and cooling. The maximum mass of the kao
condensed neutron star is estimated to be;1.5 M ( with
M ( the solar mass@3,12,17#, which is smaller than the maxi
mum mass of ordinary neutron stars (;2.0M () @33# because
of the significant softening of the EOS due to the appeara
of the condensates. If the mass of a protoneutron star a
deleptonization or cooling exceeds the maximum mass of
kaon-condensed neutron star, the star eventually collaps
a black hole. Such a scenario for the formation of a low-m
black hole~1.5–2.0M () has been presented by Brown a
Bethe @22# to interpret the absence of a pulsar signature
SN 1987A @34#. Following their scenario, Baumgarteet al.
@23# made a numerical simulation for the delayed collapse
a protoneutron star by the use of an EOS including the ph
transition to the kaon-condensed phase@23#.

In these studies, the equilibrated EOS with kaon cond
sation was used. The kaons are created throughweak inter-
actions that change strangeness during the appearance
the growth of the condensate, and the time scale for the w
reactions are much larger than those for the strong and e
tromagnetic reactions which are responsible for the ther
equilibration of the system.3 In addition, there are at leas
three time scales which characterize the dynamical evolu
of a newly born neutron star: the time scale for gravitatio
collapse~of order of a millisecond! and those for delepton
ization and initial cooling~of order of ten seconds!. If the
weak reactions which are responsible for the formation o
condensate proceed on a longer time scale than these
scales, they may control the dynamical evolution of a n
tron star just after a supernova explosion. In this case,
nonequilibrium processes in kaon condensation which
brought about by the weak reactions must be considered

The time evolution of the system is determined by t
Hamiltonian,

Ĥ5Ĥstrong1Ĥweak, ~1!

with the strong~weak! HamiltonianĤ strong (Ĥweak). In our
case the stateuu(t),t& is specified by the parameters,u,
mn (mp) the neutron chemical potential~the proton chemi-
cal potential!, mK , and me the electron chemical potentia
for given temperatureT and baryon number densitynB . Al-
ternatively we may choose another set of operators,û, the
number densitiesn̂i ( i 5p,n,K,e) to specify the state. If the
weak HamiltonianĤweak is negligibly small, then the time
scale of the weak interaction is very large (tweak@tstrong). In
such a case, it is obvious that all the number densities

time independent,ṅ̂i50, which in turn impliesu̇̂50, or they

3In Ref. @17#, a discussion was made on the weak proces
n↔p1K2, e2↔K21ne , in relation to the formation of a kaon
condensate.
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can commute withĤstrong, @ n̂i ,Ĥstrong#50, due to baryon
number, strangeness, charge and lepton number cons
tions. Thus we can find the simultaneous eigenstate ofĤstrong

and n̂i . Hence, if we apply the adiabatic~Born-
Oppenheimer! approximation, then the time dependence
ni(t)[^u(t),tun̂i uu(t),t& is determined by the weak interac
tion HamiltonianĤweak, which leads to the rate equation
With ni(t) taken to be a function of time, it is possible to fi
the time and construct an instantaneous eigenstate ofĤstrong

and û, by considering the extremum conditions for the the
modynamic potentialV given only by the strong interaction
HamiltonianĤstrong,

uu~ t !,t&.uu~ t !,nK~ t !,nn~ t !,np~ t !,ne~ t !&. ~2!

Solving the rate equations then allows the temporal cha
of ni to be determined, while the time dependence of
order parameteru is determined by use of the thermod
namic potentialV.

The nonequilibrium processes in the kaon-condensed s
uu(t),t& have been previously investigated in@35#, with ac-
count taken of both the kaon-induced Urca process and
modified Urca process. The former process~abbreviated to
KU-F and KU-B, where F and B stand for forward and bac
ward reactions, respectively! is represented by the reaction

n~p!→n~p!1e21 n̄e , ~3a!

n~p!1e2→n~p!1ne , ~3b!

and provides the most efficient cooling mechanism for
star via neutrino and antineutrino emissions@18,19#. In terms
of the condensatêK2&, by which the system is supplie
with energy and the reactions become kinematically p
sible, the KU process~3! can be written symbolically as
n(p)1^K2&→n(p)1e21 n̄e , n(p)1e2→n(p)1^K2&
1ne . The modified Urca process~MU-F and MU-B!
@36,37#, represented by the reactions

n1n→n1p1e21 n̄e , ~4a!

n1p1e2→n1n1ne , ~4b!

is a standard cooling process for a normal neutron star.
to be noted that the direct Urca process~DU!, n→p1e2

1 n̄e , p1e2→n1ne , becomes possible in the norm
phase@38,39# if the proton fraction is large enough and th
it dominates over the MU reaction. The DU reaction is fu
ther assisted in the presence of a kaon condensate@17,21#.
However, the onset density for DU depends on the den
dependence of the symmetry energyEsym(nB), which has an
ambiguity depending on the EOS@21,39#. We have also
checked that even if the DU reaction is incorporated in
equilibration process, the main results in this paper are
altered except for the asymptotic behavior near chem
equilibrium. Hence, throughout this paper, we do not ta
into account the DU reaction in the normal phase or in
kaon-condensed phase. Further, we do not take into acc

s,
2-2
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NONEQUILIBRIUM WEAK . . . . II. . . . PHYSICAL REVIEW D 61 083002
the hyperon degrees of freedom, so that we omit the w
reactions associated with hyperons@40#, taking the same
standpoint as in Paper I.

Because the transition matrix element for KU is prop
tional to sinu, this process is operative only in the presen
of a condensate. Thus, spontaneous creation of a conde
from the noncondensed state cannot occur solely by wa
the KU and MU reactions, and, for this reason in Ref.@35#, a
small seed of the condensate (uÞ0) was put in by hand.

In the noncondensed state, kaons are produced therm
by the weak reactions

n1n→n1p1K2, ~5a!

n1p1K2→n1n, ~5b!

where a spectator neutron must take part in the react
such that the kinematical condition in a degenerate Fe
system is satisfied.4 The thermal kaons are then converted
a condensate. Thus we can discuss the onset and the gr
of a kaon condensate consistently without anyad hocseed
~see Sec. III!, in which case the process~5! is primarily re-
sponsible for the onset of condensation. It is to be noted
net strangeness is not changed via strong reactions, e.g
kaon-antikaon productionNN→NNK1K2, while the time
scales for the creation of the antikaons via strong react
are very short as compared with the weak reactions.
effects of these strong reactions on the kinetics of conde
tion are taken into account only implicitly through the a
sumption that the system is in thermal equilibrium. Thus
is the weak reactions that determine the time scales for
appearance of a seed with net strangeness and its growth
will refer to the reaction~5! as the thermal kaon process, a
abbreviate them to KT-F and KT-B, respectively.

In a previous paper@46# ~Paper I!, we have obtained the
reaction rate for KT, and discussed the effects of therm
kaons on the KT reaction rate in both the noncondensed
condensed states. We have also compared the KT rea
rate with the rates for the KU and MU reactions and obtain
the following results:~i! In the noncondensed state, whe
the system is far from chemical equilibrium, hard therm
kaons with large momenta make the major contribution
the KT reaction rate, whereas in the condensed state, the
thermal kaons, which appear as a Goldstone mode from
spontaneous breaking ofV-spin symmetry@47#, contribute
significantly to the KT reaction rate.~ii ! The KT reaction rate
is larger than the rates for the KU and MU reactions over

4It is to be noted that hyperons may appear in neutron stars at
n0 @41–45# and that they also soften the EOS. Some authors
cussed a delayed collapse of protoneutron stars based on the
with a transition of supernova matter to a hyperonic matter@27–29#.
If the hyperons exist, other weak reactions such as the nonm
decay of the hyperons,NN→LN, could be relevant to the nonequ
librium process. The onset density of hyperons in a neutron
depends on the hyperon-nucleon and hyperon-hyperon interac
which remain to be explored further from both theoretically a
experimentally.
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relevant temperatures and baryon number densities.~iii ! The
KT process is dominant in the kaon-condensed state
chemical equilibrium as well as in the noncondensed st
and may determine the evolution of the system.

Based on the above results for the KT reactions, we in
paper, investigate the nonequilibrium weak processes
kaon condensation by taking into account the KT process
well as the KU and MU processes, and clarify the effects
thermal kaons on the kinetics of condensation. Assum
that the system is in thermal equilibrium, we solve the r
equations given by the relevant weak reactions~3!–~5!, and
discuss the temporal behavior of the number densities of
chemical species, the order parameter of the condensate
other physical quantities. In general, the energy, produce
the course of the nonequilibrium process, is dissipated
the surroundings, resulting in a rise in the temperature of
system. For simplicity, however, the temperature is kept c
stant throughout this paper. We find two characteristic ti
scales for the onset of a condensate and its subseq
growth. The magnitudes of these time scales are comp
with other time scales characterizing the collapse of a ne
born neutron star, and possible effects on stellar collapse
discussed.

The paper is organized as follows: The description of
nonequilibrium state based on the thermodynamic poten
is addressed in Sec. II, and the formulation for obtaining
rate equations is given in Sec. III. The numerical results
then presented in Sec. IV, and summary and concluding
marks are given in Sec. V. In the Appendix, an asympto
behavior of the system near chemical equilibrium is d
cussed. Specifically, an expression for the relaxation t
near chemical equilibrium is derived analytically.

II. DESCRIPTION OF THE NONEQUILIBRIUM STATE

A. Thermodynamic potential

Here we define the physical conditions for a nonequil
rium kaon-condensed state,uu(t),t&.5 The system is de-
scribed by a thermodynamic potentialV. The microscopic
quantities, such as the excitation energies of the baryons
the thermal and condensed kaons, are determined by
strong and electromagnetic interactions among the ka
baryons and leptons. The time scales for these interact
are much smaller than those for weak reactions. Therefore
setting up the kinetic equations, that determine the relativ
slow change of chemical composition via weak reactions,
system may be assumed to be in thermal equilibrium, ma
tained by much faster strong and electromagnetic reacti
As a consequence, the physical quantities for the nonequ
rium state evolve adiabatically, adjusting to the grad
change of the chemical composition brought about by
weak processes.

Assuming thermal equilibrium, we adopt the thermod
namic potentialV of the kaon-condensed phase which w
derived by Tatsumi and Yasuhira from chiral symmetry@47#,

–3
s-
OS

sic

ar
ns

5We use the units in which\5c5kB51 throughout this paper.
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including the thermal and quantum fluctuations around
condensate. In the present work, we shall neglect, for
sake of simplicity, both zero-point and thermal fluctuatio
in the thermodynamic variables except for the thermal c
tribution to the kaon number density, which allows us to s
the effects of thermal kaons on the kinetics of condensat
Thus our expression forV corresponds to the heavy-baryo
limit for the nucleons@47#. With these assumptions, the the
modynamic potential per unit volumeV/V of the kaon-
condensed phase is written as

V/V5~VC1VK1VN1Ve!/V, ~6!

whereVC andVK are the potentials arising from a conde
sate and thermal fluctuations for the kaons, respectively,
VN andVe are the corresponding potentials for the nucleo
and the electrons, respectively. Here,V, the number density
ni and the chemical potentialm i ( i 5p,n,e2,K) are related
to each other byni52](V/V)/]m i . Specifically, the clas-
sical contribution from the condensate,VC , is given by

VC /V5 f 2mK
2 ~12cosu!2

1

2
f 2mK

2 sin2u, ~7!

wheremK is the free kaon mass~5 494 MeV!. In contrast,
the thermal kaon contribution,VK , is given by

VK /V5TE d3pK

~2p!3
ln~12e2[v1(pK)1mK]/T!

3~12e2[v2(pK)2mK]/T!, ~8!

with v1(pK) @v2(pK)# the excitation energy forK1 (K2)
@cf. Sec. II B for the explicit expressions forv6(pK)], and
the nucleon contributionVN is written in the standard form

VN /V5EN2mpnp2mnnn ~9!

where the energy density for the nucleons is given by

EN5
3

5

~3p2!2/3

2mN
~np

5/31nn
5/3!2 f 2~s12bmK!~12cosu!

1Vsym~nB!~np2nn!2/nB . ~10!

The first term in the right-hand side~rhs! of Eq. ~10! is the
nucleon Fermi-gas energy density, withmN the nucleon
mass, and the quantitys in the second term defined ass
[nBSKN / f 2, andb[(np1 1

2 nn)/(2 f 2) is theV-spin density
~see Sec. IV A for specific values!. The terms involvings
andb, respectively, come from thes-waveK2N interaction
given by theKN sigma term and the Tomozawa-Weinbe
term. The expression for the energy contribution from ka
kaon and kaon-nucleon interactions is essentially determ
in a model-independent way by chiral symmetry. The th
term in Eq.~10! is the potential energy contribution to th
symmetry energy. ForVsym(nB), we use the expression give
by Prakashet al. @48#:
08300
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Vsym~nB!5FS02~22/321!
3

5
eF,0GF~nB!, ~11!

whereS0 ~5 30 MeV! is the empirical symmetry energy, an
eF,0 is the Fermi energy in the symmetric nuclear matter
the densityn0, with the function F(nB) taken asF(nB)
5nB /n0 for simplicity. The chemical potentials for the pro
ton and the neutron~respectively! in Eq. ~9! are given by
mp5]EN /]np and mn5]EN /]nn , respectively, so that the
difference betweenmp andmn in the condensed state is wri
ten as

mp2mn5
~3p2np!2/3

2mN
2

~3p2nn!2/3

2mN

14Vsym~nB!•~np2nn!/nB2
1

2
mK~12cosu!.

~12!

For Ve , we use the ultrarelativistic form for electrons,

Ve /V5
me

4

4p2
2mene52

me
4

12p2
, ~13!

where me is the electron chemical potential andne

@5me
3/(3p2)# is the electron number density. Note thatme

ÞmK when the system is not in chemical equilibrium.

B. Thermal kaon excitation

As can be seen in Eq.~6!, only the thermal kaon excita
tions constitute the thermal fluctuations in the thermod
namic potentialV, because they are responsible for the fo
mation of a condensate through the weak reactions KT@~5!#.
The excitation energy for the thermal kaons,v6(pK), ap-
pearing inVK @Eq. ~8!#, is obtained from the dispersion re
lations for kaon modes in the condensed state. The exp
sion for v6(pK) depends on the method for treating th
fluctuations around the condensate@47,49#, but numerical re-
sults have shown that there is little difference between
two methods used in Refs.@47# and@49#. Later on we use the
result of Ref.@47#:

v6~pK!.6$b1mK~cosu21!%1@pK
2 1~b21mK*

2̃!#1/2,
~14!

where mK*
2̃[mK*

2cosu5(mK
22s)cosu, and mK* denotes the

effective kaon mass which is reduced due to theKN scalar
interaction SKN @3#. Using Eq. ~14! one obtains the tota
kaon number density from the relation,nK5
2](V/V)/]mK :

nK5zK1nK
T . ~15!

HerezK is the condensed part of the kaon number densi

zK[2]~VC /V1VN /V!/]mK

5mK f 2sin2u12b f2~12cosu!, ~16!
2-4



d
.

ti
e
si

te

n

tio

o
f

th
u

a
s

th
th
.
m
t

yp

the
e
nsity

ure.
e

fol-
id-

he

in

rnal

s,
im-
ur-

on
ed

ter-
the

-
e of

sso-
to a
ase
the

ase
tron
ses
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andnK
T is the thermal part:

nK
T52]~VK /V!/]mK

5
1

~2p!3cosuE d3pKf K~pK! ~17!

with

f K~pK!5
1

e[v2(pK)2mK]/T21
2

1

e[v1(pK)1mK]/T21
,

~18!

where the first and second terms are the Bose-Einstein
tribution functions for theK2 andK1 mesons, respectively
It is to be noted that the expression~17! is slightly different
from the usual one for the noncondensed state by a reduc
factor cosu due to the existence of the condensate. Expr
sion ~16! is equivalent to the strangeness number den
zK5^K2uŜuK2& with the strangeness operatorŜ[2(Q̂2 Î 3

2B̂).
By the use of the classical field equation foru, ]V/]u

50 @3,47#,

sinu~mK
2 cosu12bmK2mK*

2!50, ~19!

which is valid where fluctuations of kaons can be neglec
@47#, it can be seen from Eq.~14! that, in the condensed
phase (uÞ0), the lowest excitation energy ofK2 is equal to
the kaon chemical potential, i.e.,v2(pK50)5mK . This soft
mode results from the spontaneousV-spin symmetry break-
ing in the condensed phase~Goldstone mode!, and leads to a
divergence off K(pK) at pK50 in the condensed state. O
the other hand, in the limitu50 in Eq.~14!, one obtains the
excitation energy of kaons in the normal~noncondensed!
phase:

v6~pK!56b1@pK
2 1~b21mK*

2!#1/2. ~20!

In this case, there is a gap between the lowest excita
energyv2(pK50) andmK , so thatf K(pK) has no singular-
ity. The appearance of a soft kaon mode is also related t
instability of the normal state with respect to the onset o
condensate.~See also Sec. IV A.!

III. KINETICS OF CONDENSATION

A. Rate equations

The thermally excited kaons, which are produced via
weak reactions KT, are converted into a condensate thro
kaon-nucleon and kaon-kaon scatterings:KN→^K&N, KK
→K^K&. The time required for the conversion of the therm
kaons to a condensate through strong interaction collision
negligible compared with the time scale governed by
weak reactions. This is consistent with the assumption
the system is inthermal equilibrium, as discussed in Sec
II A. Thus, we put aside the detailed conversion mechanis
of the thermal kaons into a condensate, and study the kine
of condensation due to the weak reactions to obtain the t
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cal time scales for the development of a condensate. With
kaon number density given by Eq.~15!, one can see that th
condensate appears spontaneously once the number de
of the thermal kaons is saturated for a given temperat
With this simplification, we can describe the growth of th
condensate during the whole nonequilibrium stage by
lowing the kinetics of the condensate semiclassically, avo
ing the discussion of quantum nucleation of t
condensates.6

In general, the heat released by dissipation of energy
the system is expected to increase the temperatureT. The
temporal change of the temperature,T(t) can be obtained
from the equation that gives the rate of change of the inte
energy of the system: e.g.,

]E/]t52en2en̄ ~21!

with en , en̄ the luminosities of neutrinos and antineutrino
respectively, for the neutrino-free-streaming case. For s
plicity, however, we take the temperature to be constant d
ing the nonequilibrium process. A more realistic calculati
including the variation of the temperature will be discuss
in the future.

The number density of each chemical species is de
mined by the rate equations, with the rates of change of
electron (ne), the kaon (nK), and the proton (np) number
densities given by

dne~ t !/dt5G (KU-F)
„j (KU)~ t !,T…2G (KU-B)

„j (KU)~ t !,T…

1G (MU-F)
„j (MU)~ t !,T…2G (MU-B)

„j (MU)~ t !,T…,

~22a!

dnK~ t !/dt52G (KU-F)
„j (KU)~ t !,T…1G (KU-B)

„j (KU)~ t !,T…

1G (KT-F)
„j (KT)~ t !,T…2G (KT-B)~j (KT)~ t !,T!,

~22b!

dnp~ t !/dt5G (MU-F)
„j (MU)~ t !,T…2G (MU-B)

„j (MU)~ t !,T…

1G (KT-F)
„j (KT)~ t !,T…2G (KT-B)

„j (KT)~ t !,T…,

~22c!

whereG (a) are the reaction rates (a5KU, MU, KT !, and F
~B! denotes the forward~backward! process. As a conse
quence of baryon number conservation, the rate of chang
the neutron number density is determined bydnp(t)/dt
through the equationdnn(t)/dt52dnp(t)/dt.

6We do not take into account the structual change of matter a
ciated with a first-order phase transition which may be relevant
delayed collapse in protoneutron stars. But the first-order ph
transition implies that there is a mixed phase where droplets of
kaon-condensed phase are immersed in the normal phase@50#. Re-
cently, it has been pointed out that the existence of the mixed ph
has important consequences for the evolution of newly born neu
stars: The scattering of neutrinos off the droplets greatly increa
the neutrino opacity@51#.
2-5
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B. Reaction rates

Since the kaon-condensed state is obtained from the
derlying chiral symmetry@46#, the matrix elements for the
relevant reactions can be calculated from the chirally tra
e
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formed weak Hamiltonian. The expressions for these re
tion rates have been given in Paper I@46#. Here we only
show the results. For the forward KT process~5a!, denoted
as KT-F, one obtains
G (KT-F)~j (KT) ,T!5
512

9~2p!7 S gAGF f̃ 2f sinuCcosuCcos3
u

2

upF~n!u2

upF~n!u21mp
2 D 2

upF~p!u~mn* !3mp* T5I (KT)~j (KT) ,T! ~23a!

5~4.031030!S upF~p!u
mp

D S mn*

mN
D 3S mp*

mN
D cos6

u

2
T9

5I (KT)~j (KT) ,T! ~cm23 s21!, ~23b!
be

ass
tion
ss
de-
nal

on
char-
tion
rsy
: In

ela-
n
ary
on
en-
the

as-
where j (KT)[(mK1mp2mn)/T and I (KT)(u,T) is the inte-
gral over the kaon momentum divided byT, with x
5upKu/T:

I (KT)~u,T![
1

6E0

`

dx
x4

„v2̃~x!1mK /T…3
„v2̃~x!1u…

12e2v2
˜ (x)

3
@„v2̃~x!1u…214p2#

ev2
˜ (x)1u21

, ~24!

wherev2̃(x)[„v2(x)2mK…/T. In Eq. ~23a!, gA(51.25) is

the axial-vector coupling strength,f̃ [ f pNN /mp the pNN
coupling strength divided by the pion mass,GF is the Fermi
coupling constant, anduC(.0.24) is the Cabibbo angle. Th
factor gAGFf sinuCcosuCcos3u/2 originates from anpK2

vertex factor in the transition matrix elements obtained fr
the chirally rotated hadron currents, whereas the other fac

f̃ 2upF(n)u2/(upF(n)u21mp
2 ) with pF( i ) ( i 5n,p) the Fermi

momentum, comes from the one-pion exchange potentia
troduced to describe the long-range part of the interactio
Due to the approximate kinematical condition@46#, only the
nucleon axial-vector current~proportional togA) is found to
contribute to the KT reactions after all the matrix eleme
for the lowest-order diagrams are summed. Hence the cur
for the s-wave condensate, which has only a time comp
nent, does not couple to the nonrelativistic nucleon curr
The remaining factor in Eq.~23a! arises from the phas
space integrals in whichmN* is the effective nucleon mas
andT9, the temperature in units of 109 K. For simplicity, we
r,

n-
s.

s
nt
-
t.

take the values of the nucleon effective masses to
mp* /mN5mn* /mN50.8. @36#7

For the forward KU process~KU-F! @Eq. ~3a!#, one ob-
tains

G (KU-F)~j (KU) ,T!

5
GF

2

64p5
sin2uCsin2u$1013~gA

219g̃A
2 !%

3mN*
2meT

5I 2~j (KU) !

5~6.631029!S mN*

mN
D 2 me

mp
sin2u~ t !

3T9
5I 2~j (KU) !~cm23 s21!, ~25!

where g̃A5F2 1
3 D50.15 with F1D5gA51.25, D/(D

1F)50.658 @21#, I 2(u)[*0
`dxx2@p21(x1u)2#/@1

1exp(x1u)# and j (KU)[(me2mK)/T. That the rate for
KU-F is proportional to sin2u is derived from the fact that the

7Here we have adopted a value for the effective nucleon m
estimated by the nonrelativistic potential models at the satura
densityn0 @36,52#. To be more realistic, the effective nucleon ma
varies with the baryon number density. The KT reaction rate
pends sensitively on the effective nucleon mass ratio, proportio
to (mN* /mN)4, so that, e.g., for a small value of the effective nucle
mass, the production rate of thermal kaons is reduced, and the
acteristic time scales for the onset of condensation and equilibra
of the system would become long. However, there is a controve
about the density dependence of the effective nucleon mass
general, the nonrelativistic potential models@52# give a moderate
decrease of the effective nucleon mass with density, while the r
tivistic mean-field models@42,43# give much smaller values tha
the nonrelativistic potential models at a given density. At a prim
stage of our work with regard to the nonequilibrium process of ka
condensation, we would like to emphasize the kinetics of cond
sation by simplifying the realistic physical situations such as
density dependence of the effective nucleon mass. Hence we
sume a constant valuemN* /mN50.8 throughout this paper.
2-6
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matrix element for KU-F is proportional to sinu. As a con-
sequence, the KU reactions are operative only when a c
densate is present.

For the forward MU process~MU-F! @Eq. ~4a!#, we refer
to Haensel’s result@53#:

G (MU-F)~j (MU) ,T!5~5.931023!S ne

n0
D 1/3

3cos2
u

2
T9

7J2~j (MU) !~cm23 s21!,

~26!

where J2(u)[*0
`dxx2@9p4110p2(x1u)21(x1u)4#/@1

1exp(x1u)#, andj (MU)[(mp1me2mn)/T. Here, the matrix
elements have been slightly modified by inclusion of an
ditional factor of cos2(u/2) due to the presence of a conde
sate~cf. Paper I!.

The backward processes, denoted by the suffix B, are
lated to the forward processes by way of the following re
tions:

G (KT-B)~j (KT) ,T!5ej(KT)
G (KT-F)~j (KT) ,T!, ~27!

and

G (KU-B)~j (KU) ,T!5G (KU-F)~2j (KU) ,T!,

G (MU-B)~j (MU) ,T!5G (MU-F)~2j (MU) ,T!, ~28!

which are valid at low temperatures@46#. The relation~27!
between the forward and backward reaction rates for
~where bosons are involved! differs from the corresponding
relations~28! in the case of the KU or MU process~where
only fermions are involved!.

C. Initial conditions

We adopt the following initial conditions: Att50, we
assume normal neutron-star matter (u50), composed of
nonrelativistic protons (p), neutrons (n), and ultrarelativistic
free electrons (e2), which is charge neutral,np

05ne
0 .8 The

baryon number densitynB for the noncondensed state
taken to be larger than the critical density for kaon cond
sation,nB

C ~53–4 n0). Initially, the system is assumed to b
in b equilibrium, i.e.,mn

05mp
01me

0 @j (MU)(t50)50# due

to the rapidb-decay reactions,n→p1e21 n̄e , p1e2→n
1ne , when the neutron star is hot at an early stage. T
initial values for the proton fractionxp

0[np
0/nB and for the

electron chemical potentialme
0 are then obtained from th

charge neutrality condition,nBxp
05(me

0)3/(3p2), and the
b-equilibrium condition where Eq.~12! is used withu50.
Finally, the total strangeness is assumed to be almost
corresponding to equal numbers of thermalK1’s and K2’s
present, which, using Eqs.~14!, ~17!, and ~18! with u50,

8The superscript 0 denotes the initial value att50.
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gives the initial value of the kaon chemical potentialmK
0 5

2b0. As a consequence of these conditions, the initial ka
chemical potentialmK

0 has a large negative value, whileme
0 is

positive. Thus the system is far from chemical equilibriu
with uj (KT)(t50)u5uj (KU)(t50)u5u(me

02mK
0 )/Tu@1. For

example, one obtainsj (KT)(t50)5246 and j (KU)(t50)
546 for SKN5300 MeV, nB50.55 fm23 and T
5131011 K. Starting from these initial conditions, one ca
first obtain the number densitiesni(t) at later times from the
rate equations~22!. Next one can obtain the electron chem
cal potentialme(t) from the relationme(t)5@3p2ne(t)#1/3,
the kaon chemical potentialmK(t) and the chiral angleu(t)
from Eqs. ~15!–~18! and ~19!, and then the difference be
tweenmp(t) and mn(t) from Eq. ~12!. Because the charg
neutrality condition,np(t)5nK(t)1ne(t), is built into the
rate equations~22!, it can be seen that this condition is a
ways satisfied. The system evolves dynamically toward
equilibrated kaon-condensed phase through the nonequ
rium weak processes, KU, MU, and KT.

IV. NUMERICAL RESULTS AND DISCUSSION

We choose the value for theKN sigma term to beSKN

5300 MeV@54#. The critical densitynB
C is then estimated to

be nB
C50.49 fm23 (53.0 n0) ~c.f. Ref. @32#!. In Table I,

we list the values formK
0 and the proton fractionxp

0 for the
initial noncondensed state (t50), and those ofu, mK andxp
for the kaon-condensed state in chemical equilibriumt
→`) @which we denote by the superscript eq#. It has been
shown in Ref.@32# that the temperature dependence of t
critical density and physical quantities in the kaon-conden
phase is weak for the temperature less than several ten
MeV. Thus all the values listed in Table I have been es
mated atT50. Here, we study the temporal behavior of t
physical quantities for two different baryon number den
ties, nB50.55 fm23 and 0.70 fm23. The density nB

50.55 fm23 is close tonB
C , such that we have a rather wea

condensed state with smallueq. For nB50.70 fm23, on the
other hand, we have a well-developed condensed state w
large order parameterueq. When the baryon number densit
is increased above the critical density for kaon condensat
the number density of negatively charged kaons increase
the condensate develops. Charge neutrality of the syste
maintained by the increase in the proton number dens
Consequently, the proton fractionxp

eq increases as the baryo
number density increases in an equilibrated kaon-conden
state. On the other hand, the negatively charged electron
replaced by the negatively charged kaons as a conden

TABLE I. Quantities for the initial noncondensed state (t50)
and for the chemically equilibrated state (t→`). The former~the
latter! quantities are denoted by the superscript 0~eq!. All the val-
ues are estimated atT50.

nB(fm23) mK
0 ~MeV! xp

0 ueq (rad) mK
eq ~MeV! xp

eq

0.55 2139 0.14 0.48 203 0.23

0.70 2180 0.16 0.91 114 0.39
2-7
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FIG. 1. ~a! Chiral angleu and

~b! D̃K
21 , the negative of the ex-

pansion coefficient for the thermo
dynamic potential per unit volume
V/V with respect to the square
classical kaon field, as a functio
of time for the baryon number
density nB50.55 fm23 and the
temperatureT51.031011 K.
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develops with an increase in the baryon number density.
consequent decrease in the electron abundance produ
decrease in the charge chemical potentialme

eq (5mK
eq), re-

sulting in a large proton fraction and a reduced cha
chemical potential, which are two characteristic features
the kaon-condensed state@2–5#.

A. Two typical time scales

In Fig. 1~a!, we show the chiral angleu as a function of
time for nB50.55 fm23 andT51.031011 K. For the initial
values,mK

0 52b052139 MeV andxp
050.14. The evolu-

tion of the kaon condensate may be divided into the follo
ing three stages:~I! no condensate@u(t)50# with thermal
kaons present until the onset of condensation,~II ! onset of
condensation and its monotonic growth, and~III ! the
asymptotic stage near chemical equilibrium. In equilibriu
one finds ueq50.48 (rad) from Fig. 1~a!, and the kaon
chemical potential and the proton fraction have the val
mK

eq5203 MeV and xp
eq[np

eq/nB50.23, respectively,~see
Table I!.

The onset of condensation from a noncondensed state
its subsequent growth are related to the change in shap
the thermodynamic potentialV as a function ofu aroundu
50. This change in shape is also associated with the app
ance of a soft kaon mode, reflected in a singularity of
distribution functionf K(pK), Eq. ~18!. To see this, we ex-
pandV(t)/V aroundu50:

V~ t !/V52
f 2

2
D̃K

21u~ t !21O„u~ t !4
…, ~29!

with

D̃K
21[DK

21@v5mK~ t !,pK50;nB#,

whereDK
21(v,pK ;nB) is the inverse kaon propagator:

DK
21~v,pK ;nB![v22pK

2 12b~ t !v2mK*
2 . ~30!

Beginning withmK52b0 at t50, the kaon chemical poten
tial mK(t) increases monotonically with time. As a result, t
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factor D̃K
21 changes sign, depending on the value ofmK rela-

tive to the critical value,mK
C(t)[2b(t)1„b(t)21mK*

2
…

1/2,

defined as a root ofD̃K
21 . In Fig. 2, we show the thermody

namic potential per particleV/(VnB) as a function ofu for
nB50.55 fm23 and T51.031011 K and the other param
etersni andm i ( i 5p,n,e2,K2) fixed at three times corre
sponding to cases~i!–~iii !. Case~i! corresponds to a time
before the onset of condensation, for whichmK is smaller
thanmK

C . @E.g., att50, mK52b0,mK
C (t50).# In this case,

D̃K
21 is negative, which means that the thermodynamic

tential per unit volumeV/V is convex atu50, as seen from
Eq. ~29! and the curve~i! in Fig. 2, and the noncondense
state (u50) is stable against fluctuations inu. BecausemK

C

corresponds to the lowest excitation energy of theK2,
v2(pK50) in normal matter, one can see thatv2(pK)
.v2(pK50)5mK

C.mK . Thus the Bose-Einstein distribu

FIG. 2. Thermodynamic potential per particleV/(VnB) as a
function of u corresponding to the three cases~i!–~iii !. The long-
dashed and short-dashed lines correspond to the cases att50 and
t→`, respectively. The dots on the lines represent the location
the minima ofV.
2-8
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tion function f K here has no singularity. Case~ii ! corre-
sponds to a time for whichmK(t)5mK

C(t), whereD̃K
2150. In

this case, the system becomes unstable with respect to
fluctuations inu @the curve~ii ! in Fig. 2#, and sincev2(pK

50)(5mK
C) is equal tomK , f K(pK) becomes divergent a

pK50. Thus the appearance of a soft kaon mode w
v2(pK50)5mK implies the onset of an instability due t
the formation of a condensate. Finally, case~iii ! corresponds
to a time after the onset of condensation, for whichmK(t)
exceedsmK

C(t), so thatD̃K
21.0. In this case,V/V is concave

nearu50 as a function ofu; which means that the noncon
densed state corresponds to the maximum ofV/V, as seen
from the curve~iii ! in Fig. 2, and is unstable against th
formation of a condensate. The system therefore evolves
a condensate described byu(t), which is determined adia
batically by a minimum in the thermodynamic potential@cf.
Eq. ~19!#. By the use of the dispersion relations for the ka
in the condensed phase~see II B! @47#, it can be shown tha
the lowest excitation energy ofK2 in the condensed phaseis
equal tomK , i.e., v2(pK50)5mK(t); there is a soft kaon
mode in the condensed phase, andf K(pK) is divergent at
pK50, as in the case~ii !. From Fig. 1~b!, where D̃K

21 is

shown as a function of time, one sees that the functionD̃K
21

changes sign at the onset of condensation. We can cal
onset time for condensationthe nucleation time, tnucl, and
the time for growth of the condensatethe coherence timetcoh
after Stoof’s discussion about the formation of BEC in
atomic gas @55#. From Fig. 1, one finds tnucl5
831028 s, andtcoh5531025 s for nB50.55 fm23 and
T51.031011 K.

B. Connection between the reaction rates and the change
in chemical composition

The temporal behavior of the reaction rate for each w
process is shown fornB50.55 fm23 andT51.031011 K in
Fig. 3. The solid, dashed, and dotted lines denote the
MU, and KU processes, respectively. The curves show
the forward thermal kaon process KT-F is dominant in m
nitude over the KU and MU reactions throughout the equ
bration process@46#. Hence the production of the therm
and condensed kaons proceeds mainly via the KT-F reac
which is responsible for the onset of condensation and
subsequent growth.

In Fig. 4, we show the temporal behavior of the dime
sionless parametersj (a) (a5KU, MU, KT !, which measure
the deviation from chemical equilibrium. Beginning with
large negative value,j (KT) increases monotonically towar
zero, where the system is in chemical equilibrium with
spect to the KT reactions. Note that the KT reaction rates
large even in the initial stage where the system is far fr
chemical equilibrium (uj (KT)(t)u@1). In Paper I, we exam
ined in detail the characteristic roles of the soft and h
thermal kaons in the KT reactions, and demonstrated tha
high-energy component of the thermal kaons contribute
the KT reaction rates during the noncondensed stage. On
other hand, a low-energy component~a soft mode! of the
thermal kaon excitations in the kaon-condensed state
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shown to contribute mainly near chemical equilibrium@46#.
Let us now examine how these reactions change

chemical composition. The number densities of the chem
species are shown in Fig. 5 for the same density and t
perature as in Figs. 1–4. In stage I (0,t,tnucl), where there
is no condensate, the kaons produced by the KT reactions
thermal, and the KU reactions cannot proceed because t
is no condensate (u50). The initial b equilibrium is dis-
turbed by the proton excess, created through the KT-F re
tion, and the MU reactions are enhanced because the M

FIG. 3. Temporal behavior of the reaction rates for the we
reactions, KT, KU, and MU for nB50.55 fm23 and T5
1.031011 K.

FIG. 4. Temporal behavior of the dimensionless parame
j (a) (a5KU, MU, KT ! for nB50.55 fm23 andT51.031011 K.
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reaction proceeds more rapidly than the MU-F reacti
which restoresb equilibrium by reducing the proton exces
Nevertheless, the proton number densitynp still increases,
since the KT-F reaction rate is larger than the MU-B react
rate, as can be seen in Fig. 3~see also Paper I!. Because the
total baryon number densitynB is constant, the neutron num
ber densitynn therefore, decreases with time. In stage I, t
change in the electron number densityne is brought about
only by the MU reactions, andne decreases slightly with
time, the MU-B reaction proceeding more rapidly than t
MU-F reaction. The extent of the changes innp , nn , andne
is very small. Consequently, although the electron chem
potentialme decreases with time because of the decreas
ne , this potential, along with the proton and the neutr
chemical potentialsmp and mn remain almost constant in
stage I. On the other hand, the kaon chemical potentialmK

increases significantly with time;mK
0 52b0 at t50 andmK

.mK
eq at t5tnucl. Hencej (KU) , which is proportional tome

2mK , decreases monotonically with time andj (KT) in-
creases monotonically with time~cf. Fig. 4!, while j (MU)

remains close to its initial value (;0) except for the time
neartnucl.

In stage II (tnucl,t,tcoh), the KU reactions can procee
due to the appearance of a condensate, but the qualit
behavior of each chemical composition is similar to stag
In particular, the kaon and proton number densities incre
through the KT reactions, while those of the electrons a
neutrons decrease. The change in the number density o
kaonsnK comes mainly from the condensed partzK @Eq.
~15!# after the saturation of the thermal partnK

T , with the
condensed partzK roughly proportional to the square ofu,
zK}u2, for a small chiral angle, as seen from Eq.~16!. Ac-
cording to Fig. 1~a!, the chiral angleu increases rapidly with
time for t*tnucl. Thus the change in the number density
the kaonsnK is substantial, being more pronounced in sta
II than in stage I due to the appearance of a condensate.

FIG. 5. Temporal behavior of the number densities of
chemical species.
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change in the number density of the electronsne in stage II is
caused by the KU and MU reactions. But since the react
rates for the electron absorption processes, KU-B and MU
are smaller by orders of magnitude than the rate for the k
production process KT-F, the change in the number den
of the electrons is less marked than the change in the num
density of the kaons, and remains almost constant near
onset of condensation, until both the MU-B and KU-B rea
tions become maximum and operate significantly to red
ne in the later part of stage II~cf. Figs. 3 and 5!. From the
temporal behaviors ofnK , ne , the charge neutrality,np

5ne1nK , and baryon number conservation,np1nn5nB , it
can be seen that the change in the number densities o
protons and neutrons become remarkable in stage II.

During the earlier part of stage II where the number de
sity of the electrons is almost constant, the parameterj (KU)

remains unchanged because both the electron and the
chemical potentials are almost constant. On the other h
as a result of the increase in the proton number density
the decrease in the neutron number density, the differe
between the proton and neutron chemical potentials beco
larger with time, as seen from Eq.~12!. Thus the paramete
j (MU) increases with time, after which bothj (KU) andj (MU)

decrease with time, and the system enters into the final s
III ~cf. Fig. 4!.

The coherence timetcoh may be identified with the time a
which the magnitudes of the forward and backward react
rates for KT become equal. As seen in Fig. 3, chemical eq
librium with respect to the KU and MU reactions is achiev
at a later time than that at which the KT reaction reach
equilibrium.

Finally, in stage III (t.tcoh), where the system is close t
chemical equilibrium (j (KT).0), both the KU and MU re-
actions compete with each other to determine the dynam
behavior of the system. In this stage, the deviation para
etersj (KU) andj (MU) damp exponentially with time, and th
system approaches chemical equilibrium. The relaxat
time t rel can be calculated analytically@see Eq.~A11! in the
Appendix#. For nB50.55 fm23 and T51.031011 K, the
analytic result givest rel5231024 s, which is in agreemen
with the numerical result read from Fig. 3.

C. Temperature dependence of the characteristic time scales

Next we compare the temperature dependence of the c
acteristic time scales,tnucl, tcoh, andt rel at a fixed baryon
number density. Figure 6 shows the behavior of the ch
angleu for nB50.55 fm23 at three different temperatures
T51.031010 K, 1.031011 K, and 5.031011 K. In addition,
Table II lists the values oftnucl andtcoh, estimated from the
numerical calculations, and the value oft rel , obtained from
Eq. ~A11!. Roughly speaking, it can be seen thattnucl de-
pends weakly on temperature, whiletcoh andt rel depend sen-
sitively on temperature: In particular, from Table II and Fi
6, one obtains tnucl5231028 s→631029 s, tcoh
5231021 s→431028 s, andt rel540 s→531027 s as
T51.031010 K →5.031011 K for nB50.55 fm23.
2-10
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Consider first the temperature dependence of the nu
ation time, tnucl, which provides a typical time scale fo
saturation of the thermal part of the strangeness number
sity nK

T(t). For t.tnucl, nK
T(t) changes little. In chemica

equilibrium, the thermal kaons occupy a progressively lar
part of the total strangeness density as the temperature
creases, and two competing effects produce the tempera
dependence oftnucl. ~i! The value ofnK

T(t) at saturation is
larger at higher temperature, which tends to increase
nucleation time,tnucl. On the other hand,~ii ! a higher tem-
perature gives a higher reaction rate for the relevant KT p
cess.~cf. Paper I!. As a consequence the thermal kaon nu
ber densitynK

T(t) comes to saturation earlier.
In contrast, the temperature dependence of the coher

time tcoh is explained by the fact that after a condens
appears, its subsequent growth in stage II is contro
mainly by the KT reactions, as seen in Sec. IV B, and the
reaction rates depend sensitively on the temperature ove
entire nonequilibrium processes,~cf. Paper I!. This leads to a
sensitive temperature dependence oftcoh.

Finally, the relaxation timet rel depends on the KU and
MU reaction rates through the quantitiesG̃ (KU-F) (}T5) and

TABLE II. The nucleation timetnucl , the coherence timetcoh,
and the relaxation timet rel for different densities and temperature

nB(fm23) T ~K! tnucl (s) tcoh (s) t rel (s)

0.55 131010 231028 231021 4310
131011 831028 531025 231024

531011 631029 431028 531027

0.70 131010 1310211 631022 9310
131011 3310210 131025 231024

531011 3310210 231028 131027

FIG. 6. Temporal behavior of the chiral angleu for nB

50.55 fm23 and three different temperatures,T51.031010 K,
1.031011 K, and 5.031011 K.
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G̃ (MU-F) (}T7) @see Eq.~A9! in Appendix A#, and from Eqs.
~A11! and ~A9!, it can be seen that the relaxation timet rel
depends sensitively on the temperature, so as to decr
significantly as the temperature increases.

D. Density-dependence of the characteristic time scales

Here we discuss the temporal behavior of the system
higher baryon number density,nB50.70 fm23, for which
one can expect a fully developed kaon-condensed ph
when the system is in chemical equilibrium. Initially we sta
with nK

T(t50)50, which givesmK
0 52b052180 MeV and

xp
050.16. The temporal behavior of the chiral angleu is

shown in Fig. 7 fornB50.70 fm23 for the same three tem
peratures as in Fig. 6. The numerical values for the nu
ation timetnucl, the coherence timetcoh, and the relaxation
time t rel for the density and temperatures corresponding
the three curves shown are listed in Table II. From an
amination of this table and Fig. 7, it can be seen that wh
the nucleation timetnucl depends weakly on the temperatur
the coherence timetcoh and the relaxation timet rel depend
sensitively on the temperature, becoming shorter as the t
perature is raised. These features fortnucl, tcoh, andt rel are
qualitatively the same as in the case of the lower bary
number densitynB50.55 fm23.

The time scales obtained fornB50.70 fm23 can be
compared with those fornB50.55 fm23. From Table II,
one can see that the nucleation timetnucl is sensitive
to the baryon number density, with the rat
tnucl (0.55 fm23)/tnucl (0.70 fm23) equal to 2310
223103 for 131010 K,T,531011 K. This density de-
pendence is explained as follows: In the noncondensed s
whereuj (KT) u@1 (j (KT),0), the KT-F reaction rate is very
sensitive touj (KT) u and becomes large rapidly asuj (KT) u in-
creases@46#. In addition, the kaon chemical potentialmK
(,0 at t50) in uj (KT) u increases rapidly with time in stage

FIG. 7. Temporal behavior of the chiral angleu for nB

50.70 fm23 and three different temperatures,T51.031010 K,
1.031011 K, and 5.031011 K.
2-11
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and, before the onset of condensation, it is already alm
equal to the equilibrium valuemK

eq (.0), which has a
smaller value for a larger baryon number density. As co
pared with the density dependence ofmK , the density depen
dence of the difference between the proton and neu
chemical potentialsmp2mn (,0) in uj (KT) u is weak.
Hence, as the baryon number density increases, the pa
eter uj (KT) u (5umK1mp2mnu/T@1) increases mainly due
to the decrease inmK . As a result, the KT-F reaction rate i
stage I is much larger for a larger baryon number dens
which considerably reduces the time required for satura
of the thermal kaon number density.

After the appearance of a condensate, the value ofuj (KT) u
becomes sufficiently small, so that the density dependenc
uj (KT) u becomes insignificant. Therefore, the KT-F reacti
rate does not depend much onnB . Hence the coherence tim
tcoh, which is controlled by the KT-F reaction, shows only
weak dependence onnB . In a similar way, near chemica
equilibrium whereuj (KU) u!1 anduj (MU) u!1, the density de-
pendence of both the KU-F and MU-F reaction rates is we
and thereforet rel , which is determined by these reactio
rates, is found to have a weak dependence onnB .

E. Implications for the delayed collapse of a protoneutron star

From Table II, one can see that a condensate deve
fully with a characteristic time scale given by the coheren
time tcoh. In the context of the delayed collapse of a new
born neutron star, we consider some implications of the
sults. Since the neutrino degeneracy is not taken into acc
in our framework, our results are applicable to the cool
era after the deleptonization. Hence the delayed collapse
sociated with a kaon condensate should be considered in
cooling era.

The low temperature case~e.g.,T5131010 K) may ap-
ply to the final stage of the cooling era, while the high te
perature case~e.g.,T*1011 K) to the initial stage. In both
cases, we have found that the time scale oftcoh is very small;
tcoh;0.1 s for T5131010 K and tcoh&531025 s for T
*1011 K, which should be compared with the cooling tim
scale of the order of 10 s. Hence we can conclude tha
both cases, the time delay of a collapse due to the forma
of a condensate is negligible as compared with the coo
time scale and will have a minor effect on the evolution
the protoneutron star.

V. SUMMARY AND CONCLUDING REMARKS

We have considered the kinetics of kaon condensation
the use of rate equations which include the three weak r
tions: the thermal kaon process, the kaon-induced Urca
cess, and the modified Urca process. The thermal kaon
cess is shown to be dominant over other weak react
throughout the equilibration process. The evolution of
kaon condensate is divided into the following three stag
~I! the noncondensed stage before the onset of condensa
~II ! onset of condensation and its growth until its saturati
and~III ! the asymptotic relaxation stage near chemical eq
librium. The role of thermal kaons and especially the co
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nection between the existence of a soft kaon mode and
instability of the noncondensed state has been clarified. It
been found that a full development of a condensate is c
acterized by a time scale given by the coherence timetcoh.
Using these results, we have made a brief comment on
plications of our results on the delayed collapse mechan
of a newly born neutron star into a black hole. The situat
adopted in our framework may be applicable to the cool
era after the deleptonization. It is found that the time scale
the development of a condensate~the coherence time! is
much smaller than that of the cooling for the relevant te
peratures~1 MeV– several tens of MeV!. Therefore, the time
delay for the formation of a kaon condensate may not aff
the delayed collapse of a neutron star.

Several effects which should be taken into account wit
our framework in the future are as follows:

~1! We have used the thermodynamic potential neglect
any fluctuations except for those produced by thermal kao
However, for a neutron star just born in a supernova, si
the initial temperature is as high as several tens of Me
thermal fluctuations other than the kaon thermal loop con
butions@47# should be fully incorporated into the thermod
namic potential.

~2! Furthermore, since the matter is opaque to the neu
nos at high temperatures, the thermal effects associated
neutrino diffusion may also be important. In particular, t
degenerate neutrinos will contribute to the thermodynam
potential and influence the relevant reaction rates. Theref
the neutrino diffusion may affect the thermal evolution of
newly-born neutron star.

~3! The reaction rates for the relevant weak proces
have been obtained in the low temperature approximation~cf
Paper I!. The expressions for the reaction rates must be
tended to the high temperature case, and the phase-s
integrals should be performed numerically beyond the l
temperature approximation@56#.

~4! During the equilibration process, we have assum
that the temperatureT is constant: the energy produced b
the weak reactions is lost to the surroundings. However,
cause the energy release due to the nonequilibrium w
reactions will heat up the matter, the temperature is in g
eral time-dependent during the course of the equilibrat
process, and this can affect the evolution of the star. T
thermal effect can be included through an additional eq
tion that determines the rate of change of the internal ene
of the system.9 A significant increase in the temperatu
could possibly lead to further reduction of the time scale
the growth of a condensate represented by the coher
time. On the other hand, as a result of the raise in the t
perature, the critical densitynB

C for kaon condensation can b

9In Ref. @56#, strangeness production in quark matter has b
considered with allowance for the time dependence of the temp
ture. It has been shown that the temperature changes apprec
with time up to;50 MeV during the nonequilibrium process, an
that the time scale for saturation of the strangeness in this ca
smaller by orders of magnitude than the case where the temper
is held fixed.
2-12
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pushed up to higher density, which may cause the dela
the onset of condensation. In this respect, it is necessar
obtain a phase diagram in theT2nB plane@47,32#, and the
dynamics of the onset and growth of condensation mus
considered along a trajectory in this plane.
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APPENDIX: ASYMPTOTIC BEHAVIOR NEAR
CHEMICAL EQUILIBRIUM

We derive an expression for the relaxation time wh
characterizes the asymptotic behavior of the system n
chemical equilibrium~stage III!.

1. Linearization of j „KU …

„t… and j „MU …

„t…

In stage III, both the forward and backward KT reacti
rates are almost equal, i.e.,j (KT)(t).0. Therefore, we con-
sider the case where the relaxation proceeds only through
KU and MU reactions, neglecting the KT reaction. The p
rametersj (KU)(t) andj (MU)(t) are written as

j (KU)~ t !5@dme~ t !2dmK~ t !#/T, ~A1a!

j (MU)~ t !5@dme~ t !1dmp~ t !2dmn~ t !#/T, ~A1b!

where dm i(t) ( i 5p,n,e2,K2) is the deviation of the
chemical potential from the equilibrium value, i.e.,dm i(t)
5m i(t)2m i

eq. From the relation,me5(3p2ne)
1/3, one ob-

tains

dme~ t !5~p/me
eq!2dne~ t !, ~A2!

wheredne(t)5ne(t)2ne
eq. One can also write the deviation

of the chemical potentialsdmK(t) and dmp(t)2dmn(t) in
terms ofdni(t) „5ni(t)2ni

eq
… from linearized forms of the

three equations with respect todmK(t), du(t), dmp(t)
2dmn(t), anddni(t) represented by the expression for t
kaon number density@Eq. ~15!#, the classical field equation
@Eq. ~19!#, and the expression for the difference betweenmp
andmn @Eq. ~12!#. Note that we can neglect the deviation
the thermal kaon part in the kaon number density, i
dnK(t)5dzK(t) @dnK

T(t)50#, because the thermal kao
number densitynK

T(t) is almost constant after a condensa
appears until the system reaches chemical equilibrium.

The deviation of the electron number densitydne(t) is
divided into two contributions:
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dne~ t !5d (KU)ne~ t !1d (MU)ne~ t !, ~A3!

where d (KU)ne(t) @d (MU)ne(t)# is caused by the KU reac
tions ~the MU reactions!. The number densities for the othe
species are related tod (KU)ne(t) andd (MU)ne(t) by

dnK~ t !52d (KU)ne~ t !, ~A4a!

dnp~ t !5d (MU)ne~ t !, ~A4b!

dnn~ t !52dnp~ t !52d (MU)ne~ t ! . ~A4c!

Following the above results, the deviation paramet
~A1! can be expressed in terms ofd (KU)ne(t) and
d (MU)ne(t). The result is

j (KU)~ t !5
p

T
d (KU)ne~ t !1

q

T
d (MU)ne~ t !, ~A5a!

j (MU)~ t !5
q

T
d (KU)ne~ t !1

r

T
d (MU)ne~ t !, ~A5b!

where

p5F S p

me
D 2

1
1

f 2$sin2u14~cosu1b/mK!2%
G eq

, ~A6a!

q5F S p

me
D 2

1
11cosu12b/mK

2 f 2$sin2u14~cosu1b/mK!2%
G eq

,

~A6b!

r 5F S p

me
D 2

1
~12cosu!~cosu12b/mK!

2 f 2$sin2u14~cosu1b/mK!2%

1
2

3

~3p2!2/3

2mN
~np

21/31nn
21/3!1

8Vsym~nB!

nB
G eq

.

~A6c!

In Eq. ~A6!, the first term comes from the deviation of th
electron chemical potentialdme , Eq. ~A2!, and the second
term from the deviation of the parameters for a condens
i.e., dmK and du. The third and fourth terms in Eq.~A6c!
come from the deviation of the proton and neutron chem
potentials. It is to be noted that a condensate already de
ops fully in stage III, so that the quantities for the condens
are almost constant. Thus it is a good approximation to
dmK5du50, which leads top5q.(p/me

eq)2, and

r .F S p

me
D 2

1
2

3

~3p2!2/3

2mN
~np

21/31nn
21/3!1

8Vsym~nB!

nB
Geq

.

2. Differential equations for j „KU …

„t… and j „MU …

„t…

By differentiating both sides of Eq.~A5! with time, one
finds that the rates of change ofj (KU)(t) and j (MU)(t) are
related to the reaction rates for KU and MU, through the r
equations
2-13
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d

dt
d (KU)ne~ t !5G (KU-F)

„j (KU)~ t !,T…2G (KU-F)
„2j (KU)~ t !,T…,

~A7a!

d

dt
d (MU)ne~ t !5G (MU-F)

„j (MU)~ t !,T…2G (MU-F)
„2j (MU)~ t !,T….

~A7b!

For the system close to chemical equilibrium,uj (KU)(t)u!1
and uj (MU)(t)u!1. In this case, the rhs of Eqs.~A7a! and
~A7b! can be expanded up to first order inj (KU)(t) and
j (MU)(t), respectively. Thus one obtains the coupled diff
ential equations forj (KU)(t) andj (MU)(t):

d

dt
j (KU)~ t !52

p

T
G̃ (KU-F)

•j (KU)~ t !2
q

T
G̃ (MU-F)

•j (MU)~ t !,

~A8a!

d

dt
j (MU)~ t !52

q

T
G̃ (KU-F)

•j (KU)~ t !2
r

T
G̃ (MU-F)

•j (MU)~ t !,

~A8b!

where

G̃ (KU-F)[2
uI 28~0!u
I 2~0!

G (KU-F)~j (KU)50,T!

.1.33G (KU-F)~j (KU)50,T!}T5, ~A9a!
s.

er

.

l.

08300
-

G̃ (MU-F)[2
uJ28~0!u
J2~0!

G (MU-F)~j (MU)50,T!

.1.23G (MU-F)~j (MU)50,T!}T7, ~A9b!

with I 2(0)5 3
2 p2z(3)1 45

2 z(5)541.13,

I 28~0![~dI2~u!/du!u5052 17
60 p4,

J2~0!5 27
2 p4z~3!1225p2z~5!1 2835

4 z~7!54598,

and

J28~0![~dJ2~u!/du!u5052 367
126p6.

From Eq.~A8!, one obtains the following forms of the solu
tions:

j (KU)~ t !5C1e2t/ta1C2e2t/tb, ~A10a!

j (MU)~ t !5C3e2t/ta1C4e2t/tb, ~A10b!

where C12C4 are constants, andta and tb are time con-
stants which characterize the asymptotic evolution of
system. The relaxation timet rel is defined as the larger ofta
andtb , and one obtains
t rel5
T

2

pG̃ (KU-F)1r G̃ (MU-F)1@$pG̃ (KU-F)2r G̃ (MU-F)%214q2G̃ (KU-F)G̃ (MU-F)#1/2

~pr2q2!G̃ (KU-F)G̃ (MU-F)
. ~A11!
rt
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